Brownian dynamics simulations of a coarse-grained bead-spring chain model, with Debye-Hückel electrostatic interactions between the beads, are used to determine the root-mean-square end-to-end vector, the radius of gyration, and various shape functions (defined in terms of eigenvalues of the radius of gyration tensor) of a weaklycharged polyelectrolyte chain in solution, in the limit of low polymer concentration. The long-time diffusivity is calculated from the mean square displacement of the centre of mass of the chain, with hydrodynamic interactions taken into account through the incorporation of the Rotne-Prager-Yamakawa tensor. Simulation results are interpreted in the light of the OSFKK blob scaling theory 1 which predicts that all solution properties are determined by just two scaling variables-the number of electrostatic blobs X, and the reduced Debye screening length, Y . We identify three broad regimes, the ideal chain regime at small values of Y , the blob-pole regime at large values of Y , and the crossover regime at intermediate values of Y , within which the mean size, shape, and diffusivity exhibit characteristic behaviours. In particular, when simulation results are recast in terms of blob scaling variables, universal behaviour independent of the choice of bead-spring chain parameters, and the number of blobs X, is observed in the ideal chain regime and in much of the crossover regime, while the existence of logarithmic corrections to scaling in the blob-pole regime leads to non-universal behaviour.
I. INTRODUCTION
Many synthetic polymers and most biopolymers are polyelectrolytes. Their use in a range of industrial and biological applications makes a thorough understanding of their behaviour highly desirable. While the scaling of many important observable properties of neutral polymers in solution has been successfully predicted by blob theories, 2, 3 much is yet to be understood with this approach even for the simple case of dilute polyelectrolyte solutions at equilibrium. The electrostatic blob, which sets the length scale at which the energy of electrostatic interactions is of order k B T (where k B is the Boltzmann constant and T is the temperature), provides the basis for scaling theories of such a system. 4 A commonly used scaling theory for polyelectrolyte solutions is the OSFKK scaling picture 1, [5] [6] [7] (after Odjik, Skolnick, Fixman, Khokhlov, and Khachaturian), which predicts the scaling of the mean chain size in different scaling regimes based on the dominating physics. Even though simulations have examined the predictions of OSFKK scaling theory in detail, 1 many questions remain unanswered and not many studies have applied the blob picture to properties other than the root-mean-square end-to-end vector. The aim of this work is to carry out Brownian dynamics (BD) simulations in order to investigate the dependence of several static and dynamic properties of dilute polyelectrolyte solutions on the intrinsic parameters that govern their behaviour. In particular, in addition to the mean size, we use the OSFKK scaling picture to interpret simulation predictions of the shape and diffusivity of polyelectrolyte chains. A variety of shape functions, defined in terms of the eigenvalues of the radius of gyration tensor, are used to examine changes in polymer shape in the different regimes of conformational phase space. Further, hydrodynamic interactions have been incorporated via the Rotne-Prager-Yamakawa tensor, 8, 9 in order to obtain an accurate prediction of the chain diffusivity in various scaling regimes. The OSFKK scaling picture ignores the presence of logarithmic corrections in the blob-pole regime of the conformational phase diagram, which are predicted to be important by more refined scaling theories. 10 For all the properties examined here, we explore whether logarithmic corrections can account for departures from OSFKK scaling in the blob-pole regime. Table I . Equations governing the boundaries between regimes are indicated in the figure, and the abbreviation "RW" implies random walk statistics are obeyed.
In most scaling theories, polyelectrolyte molecules are represented by polymer chains with N K monomers, each with length b K , and the extent of ionic group dissociation is taken into account by assuming that not every monomer is charged. We use the parameter f , which is the fraction of charges per monomer, to represent the extent of dissociation. Counterions and salt ions are not modelled explicitly, and the screening of monomer charges due to the presence of free ions is quantified via the Debye screening length, l D . The Bjerrum length, l B , is an additional important parameter, which is the distance at which the Coulomb energy between two unit elementary charges in the solvent is equal to the thermal energy k B T , and is defined by,
where e is the charge of an electron and ε is the permittivity of the solvent. Such a representation of a dilute polyelectrolyte solution is referred to here as the bare-model, and in what follows, it is always assumed that the macromolecules are dissolved in a theta solvent (which is simulated by switching off excluded volume interactions).
The electrostatic blob denotes the length scale below which the conformation of a poly- Fig. 1 , in terms of bare and blob parameters (the value of the Flory excluded volume exponent has been approximated to be 3/5). The variables X and Y are defined in Eqs. (2) and (3), respectively.
Regime r e /ξ el (blob parameters) r e /b K (bare parameters) I X electrolyte chain is practically unaffected by electrostatic interactions, since the electrostatic energy of the sub-chain within a blob is less than the thermal energy. This length scale can be used to divide the chain into a number blobs, X, of diameter, ξ el , with random walk statistics followed within the blob, while the conformation of the chain of blobs as a whole depends on the electrostatic interactions between the blobs. In addition, within the OSFKK scaling picture, the screening of electrostatic interactions is accounted for by the scaled variable Y , which is the ratio of the Debye length to the blob size. In terms of the bare-model parameters, the OSFKK expressions for the blob scaling variables are,
and,
where,l D ≡ l D /b K , and the scaled blob sizeξ el ≡ ξ el /b K , is given by,
with,l B ≡ l B /b K . Note that it is sufficient to prescribe the reduced set of bare-model parameters {N K , f,l B ,l D } in order to determine the scaling variables X and Y .
The OSFKK scaling picture is briefly summarized in Fig. 1 , which is a phase diagram in (X, Y ) space, highlighting the different scaling regimes. Table I lists the scaling expressions for the chain size, in terms of both blob and bare parameters, in each of the regimes. In regime I, when X ≪ 1 (the blob is much larger than the chain), r e /ξ el ∝ X 1/2 , where r e is the root-mean-square end-to-end vector. The Debye length is irrelevant in this regime as thermal energy completely dominates the electrostatic interactions between the segments.
When X ≫ 1 (when the chain is composed of many electrostatic blobs) the XY plane is divided into different regimes according to how large Y is compared to X. Many studies have shown that the shape of a neutral polymer chain, even at equilibrium,
is not spherical about the centre of mass of the chain. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] The nature of the asymmetry in chain shape has been examined in terms of a number of different quantities, such as the degree of prolateness, the asphericity, the acylindricity, the shape anisotropy, and so on, which are functions of the eigenvalues of the radius of gyration tensor, since the breaking of symmetry is reflected in the three eigenvalues differing from each other. The symmetry or otherwise of polyelectrolyte chain shapes, particularly in the different scaling regimes,
has not yet been systematically investigated. Here, we examine if a universal description of polyelectrolyte chain shapes can be obtained, when BD simulation results are represented in terms of electrostatic blob scaling variables.
While the OSFKK scaling picture ignores the presence of logarithmic corrections to the scaling of chain size with degree of polymerisation in the blob-pole regime, their existence has been derived in a number of different ways, ranging from Flory type energy minimisation arguments, 10 to refined scaling theories that account for the nonuniform stretching of polyelectrolyte chains along the elongation axis. A common assumption in the various theoretical descriptions of the blob-pole regime is that electrostatic interactions lead to chain stretching along one direction, while leaving the chain conformation unperturbed in directions perpendicular to the stretching direction. 
The time evolution of the position vector r µ (t) of bead µ, is described by the nondimensional stochastic differential equation
where, the length scale l H = k B T /H and time scale λ H = ζ/4H have been used for non-dimensionalization. The dimensionless diffusion tensor D µν is a 3 × 3 matrix for a fixed pair of beads µ and ν. It is related to the hydrodynamic interaction tensor, as discussed further subsequently. The sum of all the non-hydrodynamic forces on bead ν due to all the other beads is represented by F ν , the quantity W ν is a Wiener process, and B µν is a nondimensional tensor whose presence leads to multiplicative noise. 32 Its evaluation requires the decomposition of the diffusion tensor. Defining the matrices D and B as block matrices consisting of N × N blocks each having dimensions of 3 × 3, with the (µ, ν)-th block of D containing the components of the diffusion tensor D µν , and the corresponding block of B being equal to B µν , the decomposition rule for obtaining B can be expressed as
The non-hydrodynamic forces on a bead µ are comprised of the non-dimensional spring forces
The entropic spring force on bead µ due to adjacent beads can be expressed as
where
is the force between the beads µ − 1 and µ, acting in the direction of the connector vector between the two beads Q µ−1 = r µ − r µ−1 . Specifically, the spring force in the FENE springs used here is given by,
where b = HQ 2 0 /k B T is the dimensionless finite extensibility parameter. The vector F es µ is given in terms of the electrostatic potential U es µν between the beads µ and ν of the chain,
The OSFKK scaling theory assumes Debye-Hückel electrostatic interactions 33 between charges, which is justified for weakly charged polyelectrolyte chains in the absence of Manning counterion condensation. [34] [35] [36] [37] We adopt a Debye-Hückel potential in this work,
with r µν = |r µν |, where r µν = r µ − r ν , is the vector between beads ν and µ, and l * B and l * D are the nondimensional Bjerrum and Debye lengths, respectively.
The non-dimensional diffusion tensor D νµ is related to the non-dimensional hydrodynamic interaction tensor Ω through
where δ and δ µν represent a unit tensor and a Kronecker delta, respectively, while Ω represents the effect of the motion of a bead µ on another bead ν through the disturbances carried by the surrounding fluid. The hydrodynamic interaction tensor Ω is assumed to be given by the Rotne-Prager-Yamakawa (RPY) regularisation of the Oseen function
where for r ≡ |r| ≥ 2a * ,
while for 0 < r ≤ 2a * ,
r a * and Ω 2 = 3 32
Here, a * is the non-dimensional bead radius, which is related to the conventionally defined hydrodynamic interaction parameter, 38 h * , by a * = √ πh * . We have set, a * = 0.5, in all simulations in which hydrodynamic interactions are incorporated.
The spatial configuration of the chain at any time t, i.e., r µ (t) for all beads µ = 1, . . . , N b , is obtained by integrating Eq. (7) using a semi-implicit predictor-corrector scheme proposed by Prabhakar and Prakash. 39 In the presence of fluctuating HI, the problem of the computational intensity of calculating the Brownian term is reduced by the use of a Chebyshev polynomial representation for the Brownian term. 40, 41 We have adopted this strategy, and the details of the exact algorithm followed here are given in Ref. 39 .
While the majority of results reported here have been obtained with the "single-chain"
BD algorithm described in Ref. 39 , the predictions of eigenvalues and shape functions have been obtained with the "multi-chain" BD algorithm described in Ref. 42 . The most significant difference between the two algorithms is that the latter (in which multiple chains are simulated in a box with periodic boundary conditions), accounts for inter-particle hydrodynamic and electrostatic interactions in addition to intra-particle interactions. Essentially, N c bead-spring chains are simulated in a cubic simulation box of length L, such that the concen-
, where r g,eq is the radius of gyration of a chain at equilibrium, we maintain a scaled concentration c/c * = 10 −5 , to ensure that the system is in the dilute limit. Since the typical distance between chains at these concentrations is much greater than the Debye screening lengths considered here, the strength of short-ranged inter-molecular Debye-Hückel electrostatic interactions is effectively zero. The equivalence of the use of either of the algorithms has been verified by comparison of predictions of the end-to-end vector and the radius of gyration, and ensuring that no difference was observed. Plots which contain data from the multi-chain BD algorithm are identified as such in the figure captions, and unless explicitly stated, most plots report data obtained using the single chain BD algorithm.
B. Size, shape and diffusivity
The two static properties examined here are: (i) the end-to-end distance, r e ≡ r 2 e , with,
where, (.) represents an ensemble average, and r N b and r 1 are the positions of the two beads at either end of the chain, and, (ii) the radius of gyration of the chain, r g ≡ r 2 g , with, 
Shape function Definition
Degree of prolateness 20,25
Relative shape anisotropy 18,20,25
where, λ 
Note that, G, λ The asymmetry in equilibrium chain shape has been studied previously in terms of various functions defined in terms of the eigenvalues of the gyration tensor.
12-28 Apart from λ , themselves, we have examined the following shape functions: the asphericity (B), the acylindricity (C), the degree of prolateness (S and S * ), and the shape anisotropy (κ 2 and κ 2 * ), as defined in Table II . As is evident from the Table, the latter two quantities are evaluated in terms of two different definitions. Typically, it is easier to evaluate S and κ 2 for analytical calculations, rather than S * and κ 2 * , which require the evaluation of averages of ratios of fluctuating quantities.
28
The only dynamic property studied here is the long-time self-diffusion coefficient D, defined by,
where, r c = 1 
11
. For the sake of completeness, we summarise their arguments here.
The key first step is to map bead-spring chain parameters onto bare-model parameters, after which the mapping onto blob scaling variables is straight-forward. This is achieved by equating the end-to-end vectors and the contour lengths of the bare-model and bead-spring chains. If L is the contour length, then, Further, using the analytical result for the end-to-end vector of FENE chains, 38 we get,
Equations (26) and (27) can be solved for N K , and b * (2) and (3), and using Eq. (6), leads to the following equations for the blob scaling variables in terms of bead-spring chain parameters,
where,
It is clear from the expressions above that various combinations of bead-spring chain parameters can result in identical values for X and Y . Table III displays In terms of bare-model parameters, the Manning parameter, γ 0 , which is defined as the number of elementary charges per Bjerrum length, 10 is given by, γ 0 = fl B . The OSFKK scaling theory assumes that γ 0 ≪ 1, since counterion condensation, which occurs for γ 0 1, is not taken into account. 10, 37 The last column in Table III shows that the Manning parameter is significantly smaller than one in all the simulations reported here. chain starts to swell due to increasing electrostatic repulsion with increasing Debye screening length. As mentioned previously, our BD simulations are unable to distinguish between the different regimes in the crossover region due to the computational cost of simulating the extremely long chains that would be required for such a purpose.
Notably, as long as the value of X is the same, the predicted values of both r 
, who also noted that the only constraint to the simulations appeared to be to ensure that there were more beads than blobs in a chain, i.e.,
The OSFKK scaling picture ignores the presence of logarithmic corrections in the blobpole regime. However, as seen in Appendix A, and as shown previously by several different analytical studies, 2,10 such corrections are expected to arise in this regime, and previous molecular simulations have shown that such is indeed the case. 29 In the absence of logarithmic corrections, the scaled end-to-end vector, r 2 e /ξ 2 el , is expected to scale as X 2 in regime II (see Table I ). It is clear from Fig. 3 (a) that while this scaling is obeyed for values of X 30, there is a departure at larger values of X. A similar deviation from the expected scaling in regime II was observed previously in the BD simulations reported by Pattanayek and Prakash
. However, they did not verify if the source of the deviation was due to logarithmic corrections. In terms of the blob scaling variable X, Eq. 5 shows that the logarithmic correction term has an exponent of 1/3. We expect therefore that a plot of r e /(ξ el X) versus ln X would be a straight line with a slope of 1/3. Fig. 3 (b) shows that the logarithmic corrections to OSFKK scaling, picked up by the BD simulations, do in fact have the expected dependence on X.
While the radius of gyration is also a measure of mean chain size, Figs. 4 reveal that the logarithmic corrections to scaling for r end-to-end vector), but also depends on the dimensions of the chain perpendicular to the elongation axis. The scaling of the chain in these lateral dimensions is generally considered to obey random walk statistics. We examine the validity of this expectation below, when we consider the eigenvalues of the gyration tensor.
In the limit of long chains, the ratio of the mean square end-to-end vector to the mean square radius of gyration, r 2 e / r 2 g , has a universal value of 6 for ideal chains, while it is equal to 12 for rigid rods.
3, 31 We anticipate, therefore, that for the polyelectrolyte solutions considered here, the value of the ratio will increase from being close to 6 in the limit Y ≪ 1 (where the chain behaves ideally), towards a value of 12, as Y → ∞, where the polyelectrolyte chain adopts a stretched rodlike configuration. Fig. 5 (a) shows that the ratio does approach a constant value close to 6 as Y approaches zero, and increases monotonically with increasing Y . However, though the ratio levels off as the chain enters the blob-pole regime in the limit of large Y , the asymptotic value is less than 12, for the values of X considered here. The departure from the limiting value for rigid rods can be considered to reflect the degree of flexibility remaining in the chain in this regime. Interestingly, the ratio appears to be independent of X for a range of values of Y , starting with the ideal regime, and progressing well into the crossover regime. The ratio starts to become X dependent for values of Y approaching the blob-pole regime. As was seen in Figs. 3 (b) and 4 (b) above, though both r 2 e and r 2 g depart from the OSFKK scaling theory predictions in this regime due to the presence of logarithmic corrections, the strength of these corrections is different in the two cases. This difference is responsible for a persistent dependence of r 2 e / r 2 g on X in the blob-pole regime, as can be seen in Fig. 5 (b) , where the value of the ratio is plotted as a function of X, at Y = 30. We can anticipate, however, that with increasing values of X (i.e., chain length), the appearance of logarithmic corrections, and the consequent onset of non-universal behaviour, is postponed to larger and larger values of Y , due to a delay in the inception of the blob-pole regime. 
B. Eigenvalues of the radius of gyration tensor
The dependence of the three scaled eigenvalues of the radius of gyration tensor, λ Table III (ξ * el = 1.85 and L * = 471), we can see that the ratio of the end-to-end vector to the contour length is less than 16%.
The scaling of r e with X in the blob-pole regime was seen in Fig. 3 radius of gyration tensor is expected to be in the direction of maximum chain stretching, we expect λ 2 3 /ξ el to also exhibit logarithmic corrections according to Eq. (5). Figure 7 (a) displays the departure from the OSFKK scaling prediction in the blob-pole regime, while Fig. 7 (b) shows that the logarithmic corrections have an exponent close to the expected value of 1/3.
According to OSFKK theory, the scaling of chain dimensions lateral to the elongation axis is expected to remain unperturbed in the blob-pole regime, i.e., to obey random walk statistics. To our knowledge, there are no theories that describe modifications to this scaling behaviour due to the nonuniform stretching of the chain (unlike the refined theories developed for scaling in the direction of maximum stretching). The dependence of chain dimensions on the number of blobs, in the directions perpendicular to the stretching direction, is examined in Figs. 8 (a) and (b) , where, λ values that imply that chains become much more spherical as they collapse into globules.
From OSFKK theory, we expect polyelectrolyte chains to behave like ideal chains for Y ≪ 1.
As can be seen from the last row of Table IV , this is indeed the case for the results obtained 25 are from lattice Monte Carlo simulations of "nonreversal random walks", which are considered to represent θ-solvents. Data for the polyelectrolyte solution was obtained using the multi-chain algorithm, with c/c * = 10 −5 .
Solution
Chain length λ Table IV for polyelectrolyte chains in the ideal chain regime, both λ values of Y , ranging from the ideal chain regime and well into the crossover regime. The ratios become X dependent only as the chains approach the blob-pole regime with increasing screening length. This suggests that for sufficiently long chains, as in the case of neutral polymer chains, the normalised eigenvalues of polyelectrolyte chains attain universal values in those parts of the phase diagram that lie outside the blob-pole regime. Within the blobpole regime, we expect that ratios of quantities that scale identically with X will attain universal values (such as λ 2 3 / r 2 e ), while ratios of quantities that do not scale identically, would retain a weak dependence on the number of blobs. This is examined in Table V, and in Figs. 11, where the dependence of a variety of ratios on the number of blobs X, at the particular value, Y = 30, which is in the blob-pole regime, is tabulated and displayed. Of all the ratios that have been considered, we expect λ Table IV . Data for the polyelectrolyte solution was obtained using the multi-chain algorithm, with c/c * = 10 −5 .
Chain length B/ r (21)) and S (see Eq. (22)), respectively, and, (e) and (f) the shape anisotropy, κ 2 * (see Eq. (23)) and κ 2 (see Eq. (24) in Figs. 12. As we might expect, chains appear to become more aspherical, more cylindrical, more prolate, and more rodlike, with increasing electrostatic repulsion between the blobs.
The independence of the values of the shape functions from the number of blobs X, in all the regimes except the blob-pole regime, suggests that for sufficiently long chains, at any given value of the reduced screening length Y , the shapes of polyelectrolyte chains are universal.
In the blob-pole regime however, as noted earlier, the appearance of corrections to scaling (to varying extents in the three principal directions), leads to a dependence of chain shapes on the chain length. The nature of this dependence on X, at a particular value of Y = 30, is displayed in Figs. 13.
D. Translational diffusivity interpreted with the OSFKK scaling picture
The dependence on the reduced screening length Y , of all the static properties examined here so far, has followed a similar pattern: they exhibit Y independent behaviour in the ideal chain and blob-pole regimes, while they are functions of Y in the crossover regime between these two limits. By defining the diffusivity of an electrostatic blob through the expression,
we find that a similar pattern is obeyed by the ratio (D/D ξ ), of the translational diffusivity D of the polyelectrolyte chain as a whole, to the diffusivity of the electrostatic blob.
In the ideal chain regime, since D ∼ k B T /(6πη s r e ), we expect D/D ξ ∼ X −1/2 . In the blob-pole regime, an expression for the diffusivity can be derived by drawing an analogy with the shish-kebab model for rodlike polymers. In the latter, a rodlike polymer of length L is modelled as N = (L/b) beads of diameter b, placed along a straight line. The translational diffusivity of such a shish-kebab can be shown to be, By mapping b → ξ el , and L → r e , it follows that the diffusivity of a blob-pole is given by,
Within the OSFKK scaling ansatz, since (r e /ξ el ) ∼ X in the blob-pole regime, we see that,
If logarithmic corrections to the scaling of r e (according to Eq. (5)) are taken into account, we expect,
In either case, we see that the ratio D/D ξ is independent of Y in the both the limiting regimes of small and large Y . In between these two limits, we expect D/D ξ to depend on Y . as a function of ln X displayed in Fig. 15 (b) shows that Eq. (36) is indeed obeyed, with the exponent of ln X close to the expected value of 2/3.
The ratio U RD , defined by,
where, r h is the hydrodynamic radius, r h = k B T /(6πη s D), has an universal value for neutral polymer solutions in the long chain limit, since both r g and r h scale identically with chain length. 32, 43, 44 In particular, by extrapolating finite chain data acquired from highly accurate BD simulations, to the long chain limit, Sunthar and Prakash 45 have shown that for θ-solutions, U θ RD = 1.38 ± 0.01. We anticipate that for the polyelectrolyte solutions considered here, U RD will have a similar value in the ideal chain regime.
In the blob-pole regime, by substituting for D from Eq. (34) into Eq. (37), we see that,
As a result, U RD does not have a universal value in this regime, but rather depends on the number of blobs X. In the context of the current simulations, Figs (ln X) 0.86 . Figure 16 displays the dependence of U RD on the reduced screening length Y , for two different values of X. We see that for small values of Y , the ratio has a constant universal value which is close to that for neutral chains. The ratio increases, while remaining universal (i.e., independent of X) for increasing values of Y in the crossover regime, before levelling off to a non-universal value in the blob-pole regime. The dependence of U RD on X in the blob-pole regime, at a particular value Y = 30, is displayed in Fig. 17 . We see that the exponent of ln X is indeed close to the expected value of 0.86.
IV. CONCLUSIONS
The size, shape and diffusivity of a weakly-charged polyelectrolyte chain in solution have been examined in the limit of low polymer concentration using Brownian dynamics simulations of a coarse-grained bead-spring chain model, with Debye-Hückel electrostatic in- 3. In the blob-pole regime, BD simulations appear to pick up the existence of logarithmic corrections for fairly short chains, which are in good agreement with predictions of refined scaling theories.
4. Various universal ratios of eigenvalues, the asphericity, the acylindricity, the degree of prolateness and the shape anisotropy of polyelectrolyte chains in the ideal chain regime, have been compared with published results in the literature for flexible neutral random walk polymers.
5. When suitably scaled, the size, shape and diffusivity of a chain are independent of the reduced screening length Y in the ideal chain and blob-pole regimes, and depend on Y only in the crossover regime.
6. The translational diffusivity of the chain in the blob-pole regime can be described by drawing an analogy with the translational diffusivity of a rodlike polymer modelled as a shish-kebab. The normalisation parameter that enables the collapse of BD data for the translational diffusivity is the Zimm diffusivity of the electrostatic blob.
7. All properties of polyelectrolyte solutions, when suitably normalised, appear to exhibit universal behaviour, independent of the number of electrostatic blobs X in the chain, in all regimes of the {X, Y } phase-space, except in the blob-pole regime, where the occurrence of logarithmic corrections to scaling leads to non-universal behaviour.
for it in the next step. Minimising the sum,
